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Abstract 

We are interested to the existence of standing waves for the nonhnear Klein 
Gordon equation e^Dt/) + W'{il)) = in a bounded domain D. A standing wave 
has the form ■4j{t, x) — M(x)e~"^*'''^; for these solutions the Klein Gordon equation 
becomes 

f ~e^Au + W'(u) ^w'^u xeD 
\ iu,Lj) e H^{D) xR 

and we want to use a Benci-Cerami type argument in order to prove a the existence 
of several standing waves localized in suitable points of D. 

The main result of this paper is that, under suitable growth condition on W, for 
e sufficiently small, we have at least cat(Z)) stationary solution of equation ([f]), 
while cat(D) is the Ljusternik-Schnirelmann category. 

The proof is achieved by solving a constrained critical point problem via varia- 
tional techniques. 
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1 Introduction 

We are interested to the stationary solutions of 

' e^DiP + W'i^)^0 (t,x)eR+xD 

where □ = I — ) — Ax and D is an open set in R^. 



The nonlinear Klein-Gordon equation Q is the simplest equation invariant 
for the Poincare group which admits solitary waves. By solitary wave we mean 
a solution of a field equation whose energy travels as a localized packet; solitary 
waves which exhibit orbital stability are called solitons. The Klein Gordon 
equation is the Euler-Lagrange equation of the functional 

C{dt^, V^p, -0) dx dt 
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where the Lagrangian density is given by 



Since the equation is invariant with respect to the Poincare group, by the 
Noether theorem, it admits several integrals of motion, which are preserved 
in time. In particular, we are interested in the conservation of the energy and 
the charge, which play a fundamental role in our framework. The energy Ei^ 
and the charge C have the following expressions: 

C — Im / dfipt/j dx 



U D ~ M^, the study of solitons for equation Q has a very long history 
starting with the pioneering paper of Rosen [TB]. Coleman [TU] and Strauss 
[T5] gave the first rigorous proofs of existence of solutions of the type ([T|) for 
particular forms of W , and later necessary and sufficient existence conditions 
have been found by Berestycki and Lions [5]. 

The first orbital stability result for Q is due to Shatah; in [T3] a neces- 
sary and sufficient condition for orbital stability is given. See also [T^], for a 
generalization of the methods used in [T3] . 

Recently, in |3l[5], the role played by the energy /charge ratio has been ex- 
ploited in the existence of solitons. In particular, if the previous ratio is small 
enough, we can find solitons. The properties of solitons and a general approach 
to field equations using the energy/charge ratio are studied in [1]; in particulare 
the approach presented in [i] is suitable also to study the existence of vortices, 
i.e. solitary waves with non-vanishing angular momentum. See also [1] [6] for 
the existence of vortices in the wave equation. 

In this paper we are interested in equation Q when D is bounded. In this 
case it is possible to prove the existence of standing waves localized in suitable 
points of D. 

A standing wave is a particular type of solitary wave having the following 
form 

i;(t, x) = u(a;)e^^"*/^ u > 0, a; G R. (1) 
For solutions of the type ^ the Klein Gordon equation Q becomes 

~e'^Au + W'(u) ^ oj^u xeD 

and we want to use a Benci-Cerami type argument f8| in order to prove a 
multiplicity result. 

The energy and the charge for standing waves solutions take the form: 

E,{u,u) = Je'^-^ + W{u) + '^dx; C = u j \u\^ (2) 

D 
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We know (see [3]) that ip{t,x) = uo{x)e is a stationary solution of Q if 
and only if {uo,ujq) is a critical point of the energy functional Eg^ constrained 
on the manifold 



Mc{D) = { {u,Lu) e H^iD) xR : Lu u^dx = C L (3) 



D 

We made the following assumptions on the nonlinearity W: W{s) = — |sp + 

N{s) where £7 S R and N{s) is a radially symmetric function with N{Q) — 
N'{0) = N"{Q) = which satisfies 



where ci and C2 are positive constants and 2 < q < p < 2*. We need {Np 
order to have a energy functional. 

We also require the following hypotheses 

W{s) > 0; (T^i) 

3so s.t. N{so) < 0. {W2) 

The hypothesis ( IW2D is quite general and seems to be necessary in order to 
have the energy/charge ratio which ensures stable solitary waves. 
The main result of this paper is the following: 



Theorem 1.1. Let a be a charge sufficiently large. IfW satisfy iN^), iWi\ ) and 



_2P then, for e sufficiently small, we have at least cat(D) stationary solution 
of equation ^ on the manifold AI^^^n [D) . 

2 Useful estimates 

In the next, we often denote simply E{u) for Ei[u). 

Definition 2.1. Fixed a, we set, for any e £ K+ and for any D C 

m„[e,D):=inl{E,{u,uj) : {u,uj) £ M,,n (D)} (4) 

We know, by |3] that for a sufficiently large a the infimum to(1,M^) is 
attained by a positive radially symmetric function. Indeed, if {u,lu) G Mo.(R^) 
then u ^— ^ e Mg.^N and E,, (^u (^~^^ = s'^ E{u), so for a sufficiently large we 
have that mcr(e,R^) is attained for all e and it holds 

m,(e,R^) =e^m^(l,R^) 

Furthermore, if Z) is a compact set, we have the following result. 

Proposition 2.1. For all compact set D, for all e > 0, and for every charge a, 
m„{e,D) is attained. 
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Proof. At first, we notice that, by < \Wi\) , 7n„[e,D) > 0. Now, let (u„,cj„) 
a minimizing sequence in M^^n{D). We have that it„ is bounded in and 
that uJn is bounded in M. The boundedness of (u„,w„) is proven in [5], and we 
report here only the main lines. 

We can write the energy as 

i?eK,c.„) = Je'^-^^ + WMdx (5) 

So, we have that a;„ and J \\/un\'^dx are bounded. 

Now, because W{0) = W'{0) = and W"{0) = n'^, we can stand that 

36 >0 3/3i > 0, such that W{s) > ^is^ for < |s| < 5. (6) 



We show that J u^dx is bounded. Let us suppose, by contradiction, that 
j u^dx oo. We have that J W{un)dx is bounded, so, by 

W{u„)dx > / W{un)dx >Pi[ uldx. (7) 

On the other hand 



uf^dx + / uf^dx — ^ oo, 

0<u„<<5 Ju„>S 



thus we have, by equation ([7]), that / u^dx — >■ oo. This drives to a contra- 

Ju„>S 



diction because 

1 



and by the Sobolev theorem 



dx > / u^dx (8) 

,>S Ju„>S 



/ uf^dx < / uf^dx < K \Vun\'^dx < const. (9) 
Ju„>S J J 

Thus Un is bounded in and a;„ is bounded in R. Up to subsequences, we 
have that 

iOn ^io e M; (10) 

Un ^ u Strongly in L^, 2<p < 2*; (11) 

Un ^ u weakly in H^. (12) 



We have that {u,uj) S M„^n{D), and, by ( pVp| , W'(m„) -J> VF(m). Finally, 

ma-{e,D) = liniinf i?£(ii„, tj„) > E^{u,uj) (13) 

n— >oo 

that conlcudes the proof. 
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At last, by [TT], if D = -8(0, p) we have that u is positive, radially symmetric 
and satisfies the ordinary differential equation 

-e^— -— + W\u)^uj^u (14) 

From now on, we fix a sufficiently large in order to have that ma{£,^^) is 
attained. We remark that, if we require a stronger version of assumption \W2\ , 
namely 

N{s) < -|sp+^, with < e < ^, for \s\ small, (W^) 

we have that mo-(e,M^) is attained for all a. In this case all our result can be 
extended in a trivial way. For the proof of the existence of the minimizer for 
every a and for the discussion on the hypothesis ( W2 I we refer to [31 [S] . 

Hereafter, since we fix cr, we note simply ma{s,D) by m{e,D). 
Definition 2.2. We set 

m{e,p) -.^ m{e,Bp{y)). (15) 
We notice that m{e,p) is well defined because its value does not depend on 

y- 

Lemma 2.1. If pi < p2, then m{e,pi) > m{e,p2) 
Proof. Let (u, w) e M^^n {Bp^ ) be such that 

Ee[u,u))^m[e,pi). (16) 

We can define u £ Bp^ by 

u ^nBp,; 
outside. 

Thus we have m{e,pi) > m{e,p2)- Suppose that the equality holds. Then u 
satisfies the ordinary differential equation (HH), but in this case {t = 0, and this 
is a contradiction. 

Lemma 2.2. The relation 

lim m(l,p) = m(l,M^) (18) 

p— ^+00 

holds. 

Proof. Let (u,w) g M„{M.^) such that 

E{u,u})^m{\.R^)- (19) 

We know that u is radially symmetric. We choose a suitable cut off Xp G 
C°°(M^) such that 

Xp = 1 if \x\ < p/2, 
Xp = ff |a;| > p, 
IVxpI < 2, 
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and we define Wp = Xp". There exists a ip > such that, u j jfpWpp = a. We 
set Up = tpWp, so Up G Ma-{Bp). Thus, by Lemma [2.11 

E{up, uj) > m(l, p) > m(l, M^). (20) 

We want to prove that 

hm £;(up,w) = to(1,M^). (21) 

p— foo 

We have that Wp u in i^(R^) when p oo, so tp — > 1 and Wp — > u in 
L'^iR^). At last we have 

j\Vwp-Vu\^ = y l(Vxp)u + (l-Xp)Vup < 

< 2 y i(vxp)up+2 y i(i-xp)vs|2< 



when p — oo. So Vwp — Vu in and Vup —5- Vtl in L^. Thus Up — u in 
i/i(IR") and 

hm £;(up, w) = E{u, uj) = to(1, M^), (22) 

p— f oo 

that concludes the proof. 

Definition 2.3. For any u in H^{M.^) with compact support we define the 
barycentre map 

/ X ■ \\7u{x)\'^dx 

I3{u) (23) 

\\7u{x)\'^dx 



Definition 2.4. We define, for every p > and for every 7 > 1, 

m*{e,p,-/):^M{E,{u,Lj) : (m, cj) £ A4,« (B^p(O) \ Bp(0)), /3(u) = 0}. 

We notice that moving the center of the ball and /3{u) does not affect 
m*(e,p, 7). Also, we remark that 

m*(£, p, 

7) > TO(e, 7P) > ™(e, K^)- (24) 

Definition 2.5. W^e define 

m*(e, 7) = inf m*(£, /9, 7). (25) 

p>0 

Lemma 2.3. T/ie inequality 

m*(l,7) > m(l,R^) (26) 

holds for any fixed 7 > 1 . 



Proof. The inequality m*(l,7) > m(l,IR^) follows trivially from set inclu- 
sion. Let us suppose, by contradiction, that m*(l,7) = m(l,E^). In this case 
we can find a sequence of positive numbers (p„) such that 

lim m*{l,-f,p„) = m{l,R^). 

n— f oo 

We claim that p„ oo. Indeed, if there exists L > such that < p„ < i 
then, as before 

m*(l,p„,7) > m(l,7L) > m(l,R^). 

Hence we can suppose that (p„) is an increasing unbounded sequence. Next we 
extend the functions u„ to zero outside B^p„(0)\-Bp„(0) obtaining a minimizing 
sequence (u„,aj„) for the functional Ei in R^. From stepl of Theorem 5 in ?? 
we have that u„ converges to m 7^ in Ll^^{M.^) with 2 < t < 2* and we get a 
contradiction since the support of w„ is contained in \Bp^{0) and p„ — 00. 

Lemma 2.4. For any 7 > 1 there exists R — R{^) such that, for any R > R 
we have 

TO(l,i?) < TO*(l,i?,7) (27) 
Proof. Let us fix 7 > 1. It follows straightforward from the definition that 

7) < 7) Vp > 

From Lemma [^751 we have that r7i*(l,7) > to(1,R^) and, by Lemma [2.21 there 
exists -R(7) such that 

m*(l,7) > TO(l,i?) Vi?>i?(7). 
This completes the proof. 

Lemma 2.5. For every p > and 7 > 1 there exists e — e(/9, 7) such that, for 
any < e < e 

m(e,p) < m*(e,p,7) (28) 

Proof. Given a function u G Hq{R^) and a real number e > we set 
u^{x) = u{ex). A simple change of variable shows that: 

iu,uj) G AUB^p{0)\Bp{0)) ^ {u„Lu) e M,/,.{B^p/M\Bp,M)- 

Furthermore we have that /3{u^) — ^f3{u), and 

Ei{u,,u^)= [ \^ + Wiu,) + '^dx = 

= 7n e^'--^ + W{u) + —dx^-^E,{u,^). 

Hence we get: 

m*(e, p, 7) = e^m* ^1, -,7^ , m{e, p) — e^m ^1, . 

Let us choose e < =J^ — where R{'f ) is defined in Lemma 12.41 With such a 
i?(7) 

choice we have that, for every e G (0, e) 

m{£,p) = e^m, {\, ^ < m* {l, ^7^ = m*(e,p,7). 
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3 Main result 



We assume, without loss of generality, that d D. There exists an r > such 
that the sets 

D+ {x e : d{x, D) < r} and D" := {a; £ : dD) > 2r} 
are homotopically equivalent to D and Br{0) C D. We set 

2diani_D 

7 = 29 

r 

Lemma 3.1. There exists e such that, for all < e < s 

(u,ct) e M^^n{D), E,{u,u}) < m{e,r) ^ (3{u) e D+ . (30) 

Proof. Fixed r, 7 as above, let e < e(r, 7) where e{r, 7) is defined by Lemma 
12.51 Then Br{0) C £> so m{e, D) < m{e, r), so the set 

:= {{u,a) e M,,.(D), E,{u,uj) < m{e,r)} (31) 

is not empty. 

Now, take (u*,w*) e ET^^'''\ and suppose that x* := I3{u*) ^ because 
< diamD, we have that 

Thus 

m*(e,r,7) = inf {£;e(u, w), (u, w) e i;,"^"'"^ /?(«) = x*} < 
< £;j(u*,w*) < m{£,r) 

that contradicts Lemma 12.51 

We want to define two continuous operator in order to prove the main the- 
orem. 

Definition 3.1. We define 

B : H\D) X R ^ R^; 
B{u,uj) = /3(m). 

The operator B is well defined and continuous. Furthermore, if e < e(r, 7) 
we have 

5(£;m(e,0) c D+ 

as proved in the previous lemma. 

Fixed a we can choose (it^jWe) such that 



Es{ue,ojE) = m(e, 2r) < m(e,r); 
e^a 

We know that is radially symmetric, so /3(ue) = 0. Of course we can extend 
it£ trivially by zero to a function Ctg defined in D, in order to obtain a pair 
('Ue,a;e) G M^N „{D). With abuse of notation in the next we will identify 12^ and 

We. 
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Definition 3.2. Fixed a , for any e we define 

<P, :D-^ M,N,{D)- 

^e{y) = {Ue{\x-y\),UJe)- 

It is easy to see that is a continuous function. 

Proof. [Proof of Theorem ll.l] Fix r such that and D~ are homotopically 
equivalent to D. Fix a sufficiently big in order to have that m(I, R^) is attained, 
and fix e < 7) as in Lemma 1^31 We have that 



$,(2/) c i^r^"''') (32) 



for all J/ G £) . So, trivially 



: D- D+; 

By a well known topological result, we have that 

cat(£:™(^''-)) > catp), (33) 

so we have at least cat(D) distinct stationary solution of equation Q with 
energy less that m{e,r). 
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